For any (real) submanifold L of an almost Hermitian manifold (M, J, g, ω) 
Introduction
In this section we provide some motivation, define the canonical almost Hermitian structures of normal bundles, summarize the main results, and fix some notation.
First we consider: Theorem 1.1 (McDuff [11] Notice that two tensors A 1 and A 2 on manifolds M 1 and M 2 respectively are called isomorphic if there is a (C ∞ ) diffeomorphism from M 1 to M 2 that pushes A 1 forward to A 2 . Is there a result similar to Theorem 1.1 if L is only an isotropic submanifold? A partial affirmative answer is Ciriza's isomorphism theorem [3] . In order to give a complete affirmative answer, we need to investigate whether the normal bundle L ⊥ has a natural symplectic form. We will see that L ⊥ does have a natural almost Hermitian structure (Ĵ,ĝ,ω), and sometimesω is a symplectic form. See [10] for the definitions of almost Hermitian manifolds, fundamental 2-forms, etc.
Suppose (M, J, g, ω) is an almost Hermitian manifold and L is a (real) submanifold of M . The normal connection ∇ ⊥ determines a canonical metric (Sasaki metric)ĝ on L ⊥ [2] . Clearly, there exists a unique almost complex structureĴ on (the total space of) L ⊥ such thatĴ is parallel with respect to the Levi-Civita connection ofĝ along each line of the form {tv|t ∈ R} (0 = v ∈ L ⊥ ) andĴ x = exp * (J|T x M ) for all x ∈ L. We call (Ĵ,ĝ,ω) (ω =ĝ(Ĵ·, ·)) the canonical almost Hermitian structure of L ⊥ andω the canonical fundamental 2-form of L ⊥ . In Section 2, we present some more definitions, notation, and frequently used lemmas. Then in Sections 3, 4, and 5, we have three main topics respectively: (i) We The proof of (i) involves somewhat complicated calculations about certain vector fields and 1-forms, which are suitably decomposed. Also, (i) generalizes a theorem in Dombrowski [5] and Tondeur [13] : The canonical almost Kähler structure of T L is Kähler if and only if (L, g|L) is flat.
The proof of (ii) mainly involves Moser's technique, the nice symmetry of ω, and the flow of a natural Liouville vector field.
The proof of Ciriza's isomorphism theorem mainly involves Ciriza's linearization theorem [4] , some comparison results (Lemma 2.4 and (i) of Lemma 5.3), and Moser's technique. For (iii), our frame of proof of the preservation of the symplectic forms by f is similar to that of Ciriza's isomorphism theorem; but our more important technical contribution, the proof concerning the first jet of f , is carried out by considering the first jets of the various intermediate maps that compose to form f . The integrability (i.e. Kähler) condition and an O.D.E. comparison theorem are utilized in this aspect.
In Section 6 we give some examples. In particular we show that the Kähler form of any Kähler axial manifold is isomorphic to the usual symplectic form on S 1 × R 2n−1 . The author would like to express his sincere gratitude to Professor William Goldman for numerous helpful discussions and raising the question about the Kähler form of a Kähler manifold with cyclic fundamental group. He would also like to thank Professor Alfred Gray and the referee for useful comments. The results of this paper are part of the author's Ph.D. thesis.
Preliminaries.
In this section we give more definitions, notation, and frequently used lemmas.
Let M be a Riemannian manifold and L be a submanifold. The direct sum of the Levi-Civita connection ∇ of L and the normal connection ∇ ⊥ of L ⊥ is called the combined connection of L, and is always denoted by . We use R ⊥ to denote the curvature of ∇ ⊥ ,∇ the Levi-Civita connection of M , and ♦ the Levi-Civita connection of (L ⊥ ,ĝ). We usually identify L with the zero section of a vector bundle over L, and write
[2]). Hence we have a map S
The operations of Sasaki lift and duality commute. More precisely, if we define
The reader should not confuse ♦ with ∇ ⊥ or . The following lemma expresses ♦ completely in terms of ∇, ∇ ⊥ , and R ⊥ . Part (ii) of it follows from (1) and (2) with ξ = 0.
Lemma 2.3.
(
we have:
where H (resp. V ) denotes the (horizontal (resp. vertical)) lift and
(ii) exp 
Recall that, if A is a vector bundle over a manifold M , then the position vector field of A is the unique vector field on (the total space of) A that generates the action (t, v) → e t v for all t ∈ R and v ∈ A. We usually denote it by P A .
Lemma 2.6.
Let M be a Riemannian manifold with a pre-increasing
where ξ ∈ L ⊥ has been identified with the corresponding element in T tξ L ⊥ for each t in the usual way. This completes the proof.
Unless otherwise stated, all given manifolds and submanifolds are assumed to be C ∞ and connected, and all given maps are assumed to be C ∞ .
Fundamental properties of the canonical almost Hermitian structures.
In this section we study some fundamental properties of the previously introduced canonical almost Hermitian structures. We indicate why J-parallelism is important in this regard, and determine the conditions for the canonical almost Hermitian structures to be Kähler or almost Kähler. If N is a Riemannian manifold, then T N has an induced canonical almost Kähler structure [5] . The following result implies that, with regard to this structure, a normal bundle can be seen as a generalization of a tangent bundle.
Hence f * (♦) =∇, and thus f * (Ĵ) =J. Hence f is an isometry and is unitary.
For convenience, we call L normal flat if ∇ ⊥ is flat.
Proposition 3.2. Let L be a submanifold of almost Hermitian manifold
(M, J, g). (i) If (L ⊥ ,Ĵ,ĝ) is Kähler, then L is J-parallel. (ii) If L is J-parallel and normal flat, then (L ⊥ ,Ĵ,ĝ) is Kähler.
Proof. Recall that if (N, J, g) is an almost Hermitian manifold, then it is
Kähler if and only if J is parallel with respect to the Levi-Civita connection. Therefore, (i) follows directly from (ii) of Lemma 2.3; and to prove (ii), it suffices to show thatĴ is parallel with respect to ♦. Locally L ⊥ is isometric to and thus identified as
m is a smooth path. Define two paths
. Parallel translation along γ is the same as that along α 1 followed by that along α 2 . We easily seeĴ is parallel along both α 1 and α 2 .
The previous two propositions provide strong motivation for us to concentrate on JP submanifolds. The following is the main theorem of this section.
Theorem 3.3.
Let (M, J, g) be an almost Hermitian manifold and L be a JP CR-submanifold. Then: 
Corollary 3.5 ([5, 13]). Let (N, h) be a Riemannian manifold. Then the induced canonical almost Kähler structure on T N is Kähler if and only if (N, h) is flat.
Needing lengthy calculation later, we also introduce some simplification of notation in the following lemma, which follows easily from Lemma 2.3.
Lemma 3.6 (and notation). Let (M, J, g) be an almost Hermitian manifold and L be a JP CR-submanifold.
( 
The following proposition is the main ingredient of the proof of (i) of Theorem 3.3. We will use the notation 
(E ). (6) (ii)Ĵ is parallel along vertical directions (i.e. ♦ ZĴ = 0 for all Z ∈ V) if and only if the following equations are satisfied:
Proof. Notice that (4) and (7) are respectively equivalent to (9)-(10) and (11):
V ⊗V * components of 2♦ÂĴ respectively. By Lemma 3.6, we have
Clearly J 11 = 0 for all A, ξ if and only if (10) holds, and J 12 = 0 for all A, ξ if and only if (6) holds. Similarly,
, where
Clearly J 21 = 0 for all A, ξ if (10) holds, J 22 = 0 for all A, ξ if (5) holds, and
Clearly 
Clearly J 41 = 0 for all A, ξ if (6) holds, and
Clearly K 11 = 0 for all F, ξ if and only if (8) 
This, together with (4) and (7), implies that L is normal flat.
(Proof of part (ii).) Notice that the equation
is equivalent to the following two ones:
If B is an R-linear combination of P a , Q a , U i , a similar calculation yields 2dB * | ξ = 0. Therefore, lettingω denote the fundamental 2-form of (L ⊥ ,Ĵ,ĝ), we have
Equations (14) and (15) imply that 2dω| ξ = 0 if and
Therefore, by (16), dω = 0 implies that (12) and (13) hold. Hence it remains to prove the converse.
Let R denote the curvature of (L, g|L).
Therefore, by (16), Equations (12) and (13) imply dω| ξ = 0 when ξ ∈ E . Notice that (13) is equivalent to g(R ⊥ (D , D )E, L ⊥ ) = 0. Therefore, by (16) again, (12) and (13) also imply dω| ξ = 0 when ξ ∈ E. Therefore, by linearity, (12) and (13) imply dω| ξ = 0 when ξ ∈ E + E = L ⊥ .
Canonical symplectic forms.
For convenience, by a peculiar submanifold of an almost Hermitian submanifold M we mean a JP CR-submanifold L of M such that the canonical fundamental 2-form of L ⊥ is a symplectic form. As before, we use D i to represent the primary complex bundle of L i ,ω i the canonical symplectic form of L ⊥ i , etc. The main theorem of this section is
is a vector bundle isomorphism such that
is just the push-forward of ξ by f . Hence (18) just means that f preserves the E-parts of the normal connections along D -directions.
(ii) Notice that we do not assume that g 1 or g 2 is complete.
(iii) The reader can get a clearer picture of this theorem by considering the isotropic case:
We will present a handy corollary of this case.
The following lemma indicates that the canonical fundamental 2-form has nice symmetry.
Lemma 4.3. Suppose L is a JP CR-submanifold of an almost Hermitian manifold. Let a, b be positive real numbers,ω
Since L is JP, it is easy to see that
The lemma then follows easily.
The following handy corollary will be used in Example 6.3.
Proof. By (19),ω 1 |D 1 + E 1 is nondegenerate. Also notice that D 1 is Lagrangian forω 1 |D 1 + E 1 . Similar remarks hold forω 2 . Hence there exists a unique vector bundle isomorphism h from E 1 to E 2 over the map f |L 1 such that h * (ω 1 |D 1 + E 1 ) =ω 2 |D 2 + E 2 . By considering the map h ⊕ f , this corollary follows from Theorem 4.1.
Now we turn to:
Proof of Theorem 4.1. We consider ω :
is the multiplication by 2. A similar relation holds for ω 2 and ω . By (17), we easily see
Therefore, by (17) again, we have (17) and (21) we have
An easy calculation yields that, with respect to the decomposition T (L
where L denotes the Lie derivative. We also have a similar formula for LΠ 2 ω . Define γ = ω * − ω . Equations (21)- (24) imply
By J-parallelism D 1 is parallel with respect to the Levi-Civita connection of L 1 . Frobenius' theorem then implies that D 1 is integrable. Let N be a leaf of (25) and (26) (c(t) ). Routine calculation then yields µ β (c(t)) = e (1−β)t µ β (c(0)). By (27), c(t) approaches N as t approaches −∞. Since µ vanishes on N , we conclude µ 1 = µ 3/2 = µ 2 = 0. Hence,
where h ij and h ij are C ∞ real functions on L ⊥ 1 . By looking at the determinants for ω t := (1 − t)ω * + tω in suitable coordinates, we conclude, by (22), (26), and (28), that ω t is a symplectic form for all t ∈ [0, 1]. Let λ =Π 1 (ω * − ω ). Then ω * − ω = dλ. Now apply Moser's technique as in Lemma 2.5. In particular we define X t by ω t (X t , .) = λ. By (22), (26), and (28), X t is tangent to the fibers of L ⊥ . With (27) and (28), a routine calculation yields that X t has (uniform) sublinear growth (cf. the proof of [3, Proposition 3.1]). Hence, ω * and ω are isomorphic. By (20) and its analogue forω 2 , this completes the proof of the first part of the theorem. Now assume that (18) holds. To prove the second part of the theorem, it suffices to show µ = 0, in view of (20) and its analogue forω 2 . We let
as before, requiring that W i are parallel with respect to ∇ ⊥,1 . This implies
This in turn implies
where
(The symbol * refers to the metric dual with respect toĝ 1 . Hence,Û * 
Generalization of McDuff 's results.
Throughout this section, we use the symbol J k p f to denote the k-th jet of a smooth map f at the point p. This section is devoted to prove: (
Proof. 
. Hence we have a matrix
. Comparison of both sides yields
where * denotes some unknown matrix. The closedness of ω then implies * = O(r 2 ). Hence, with M representing the above matrix (with * = 0 and without O(r 2 )), it remains to prove
. For all q ∈ B, (Û i ) q is the parallel translation (with respect to ∇) of (Û i ) p along the radial geodesic connecting p to q. (c). For every ξ ∈ L ⊥ |B with foot q ∈ B, (Û i ) ξ is the Sasaki lift of (Û i ) q to ξ. By the J-parallelism of L, we have
. 
We will use HZ to denote the 
Equations (34) and (35) 
Examples.
In this section we give some examples and applications.
Example 6.1. Let M be a Kähler manifold. A CR-submanifold of M is JP if and only if its D and E are parallel (with respect to ). In particular, every complex or Lagrangian submanifold of M is JP; an isotropic submanifold of M is JP if and only if its E is parallel. Every totally geodesic submanifold of M is also JP. All these are routine to prove. The usual symplectic form on R × R 2n−1 is just the usual one on R 2n = R × R 2n−1 . The usual symplectic form on S 1 × R 2n−1 is just dθ ∧ dy 1 + dx 2 ∧ dy 2 + · · · dx n ∧ dy n . The following example complements (i) of Theorem 1.1.
Example 6.3.
Let (M 2n , J, g) be a complete Kähler manifold. Suppose M admits a 1-dimensional geo-post L such that M has nonpositive radial sectional curvature with respect to L. Then the Kähler form of M is isomorphic to the usual symplectic form on L × R 2n−1 . In particular, the Kähler form of any Kähler axial manifold (i.e. a Kähler manifold that is also an axial manifold [6] ) is isomorphic to the usual symplectic form on S 1 × R 2n−1 . The proof is as follows:
Let L × R 2n−1 be equipped with the usual Kähler structure. Also let 
